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Abstract 

We investigate extended Wilson loop operators, in particular tetra- 
hedron operator in (2 + l)-dimensional Chern-Simons-Witten theory. 
This operator emerges naturally from the contribution terms in two- 
particle scattering amplitude. We evaluate this diagram non-perturbatively 
in terms of vacuum expectation values of Wilson loop operators, espe- 
cially for gauge group SU(iV) with specific choices of representations. 
On the other hand, we also discuss the perturbative calculation of vac- 
uum expectation value in this theory. We show that, up to the third 
order, this values of unknotted Wilson loop operators are identical to 
the non-perturbative result. 

Keywords: Chern-Simons theory 

1 Introduction 

The Chern-Simons-Witten (CSW) theory has been providing many interesting 
topics for both mathematics and physics. Different aspects of the theory have 
been explored, e.g. abelian and non-abelian theory with the Chern-Simons 
term, supersymmetric extension, and pure theory. Specifically, after it was 
pointed out that the pure theory could be relevant for knot theory [HE], many 
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researchers have contributed to clarify the relation of CSW theory to two- 
dimensional, conformal field theories and to knot theory. Witten described 
the exact solution to this theory in non-perturbative case. He and others 
also showed that there is relation between this theory and the polynomial 
or quantum group invariants of knot in three dimensions, in particular the 
Jones polynomial and its generalizations like the HOMFLY and the Kauffman 
polynomial invariants [21 IH E]- These knot polynomials can be regarded as 
vacuum expectation values (VEV) of Wilson loop operators in this theory. 

The CSW theory also has interesting features from the perturbative point 
of view and lead to Goussarov-Vassiliev or finite type invariants. Moreover, 
Witten's idea was based on the validity of the path integral formulation of 
the quantized theory. By examining the existence of a quantum field theory 
description of the link invariants in perturbative framework, it turned out that 
the coefficients of the perturbative series correspond to these invariants. The 
perturbative expansion of the path integral of the theory has been considered 
for flat R 3 [0] and for general three- manifolds [7J. Subsequently, there was 
much attention given to understanding the perturbative series for knots and 
links in R 3 [8]. 

The perturbative series expansion has been studied for different gauge- 
fixings which lead to different representations for Vassiliev invariants. The 
covariant Landau gauge corresponds to the configuration space integrals and 
the non-covariant light-cone gauge to the Kontsevich integrals. Another studies 
of the perturbative series expansion in the non-covariant temporal gauge has 
the important feature that the integrals which are present in the expressions 
for the coefficients of the perturbative series expansion can be carried out. In 
this case one obtains combinatorial expressions, instead of integral ones, for 
Vassiliev invariants and this has been shown to be the case up to order four 
[9]. Perturbative expansion in other gauges might also highlight other aspects 
of the theory, for example in axial gauge [10] and in light-cone gauge [TJ] . The 
invariants obtained in the perturbative framework with different gauge-fixing 
are the same since the theory is gauge invariant and Wilson loops are gauge 
invariant operators. 

One main issue in perturbative CSW theory is the calculability of the vac- 
uum expectation value of Wilson loop operator (W(C)) in the three-dimensional 
field theory framework. It turned out that (W(C)) has a meaningful pertur- 
bative expansion in powers of the coupling constant k~ l . Although by power 
counting the theory appears renormalizable, it is in fact UV finite, which means 
the (3 function and the anomalous dimensions of the fields vanish to all orders 
[T2"| [13] . Even, more interestingly, there is no divergences in the computation 
of (W(C)) in this theory. One loop renormalization constant of the theory has 
been calculated and the result showed the existence of the famous k shift [H] . 
Therefore, the framing has nothing to do with divergences of (W(C)), but is 
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related to the self-linking problem which is topological in origin. 

The mathematical establishment of relations between CSW gauge theory, 
topological theories in 3 manifold and knot theory is still making progress. 
Some recent studies include the application of Maldacena's conjecture [To] , 
the use of methods of stochastic analysis [H] and its connection to the Penner 
models [TT] . 

In this paper we will evaluate the non-perturbative as well as the pertur- 
bative aspects of CSW theory. In non-perturbative aspect, it is shown that 
the VEV of Wilson loop operators are evaluated by using braiding formula [IE] 
which is useful to construct algebraic relations between unknotted Wilson loop 
operators. It also discussed the emergence of the extended Wilson loop oper- 
ators, namely baryon type [19] and tetrahedron operators [20]. Especially, we 
will evaluate the tetrahedron type operator. This diagram emerges by refining 
the calculation of the gravitational scattering amplitude in previous work [21] . 
It is important, therefore, to make it clear what contributions will be supplied 
from these terms. 

On the other hand, parallel to the non-perturbative approach, the explicit 
perturbative calculation of the unknotted Wilson loop operator is presented 
up to the third order. The coefficients of these expansion is shown to be the 
same as the non-perturbative results. After that, we also investigate the ghost 
and auxiliary fields contributions to the Wilson loop operator. A detailed 
perturbative calculation of the ghost contribution up to the second order is 
given in the Appendix A and other important integral formulas related to the 
framing procedure are given in Appendix B. 

2 Chern-Simons Theory and Extended Wilson 
Loop Operators 

In this section we will present the rudimentary facts about CSW theory and 
to discuss the emergence of extended Wilson loop operator^. The action for 
this theory in (2 + l)-dimension is the Chern-Simons secondary characteristic 
class defined by 



Here k~ x plays the role of coupling constant whereas A is a connection on 
a G-bundle E over a space-time three manifold M. Trace is taken over the 
representation of gauge group G. The partition function Z(M, k) takes the 




(1) 
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form 

Z(M, k) = I [DA] e iS . (2) 

J M 

Under the gauge transformation, the action will transform as 

S — > S + 2nk S wz , (3) 

where Swz € Z is the winding number of the gauge transformation. 

The Wilson loop operators W P (C), which are the basic observables of the 
theory, are the most important gauge invariant operators in this theory. These 
operators are related to the link invariants of knot theory and defined by the 
trace of path-ordered exponential of the connection A along a closed loop C 
which is embedded in M, 

W p (CT) = Tr p hexp£A\, (4) 

where p is a representation of the gauge group G (p is its conjugate represen- 
tation). Note that a closed loop C can be knotted in the three manifold. 
A normalized VEV of an operator 0(A) is defined as 

(0(A)) = Z ^ M k k °^ y Z(M, k,0) = J [DA] 0(A)e* s . (5) 

In the following we use notation for the normalized VEV of unknotted Wilson 
loop operator 

E (p) = (W p (0)), (6) 
such that the VEV of the baryon-type operator (Figure CD) is denoted as 

(K e ?(pi, P2,ps)) = S eE ' ^E (pi)E (p 2 )E (p 3 ), (7) 

and if, for example p\ = id (identity representation), then from consistency 
condition [TH] 

(Kee'(id,p 3jP3 )) =5ee>E (p 3 ). (8) 

Now, let us imagine the following situation (see Figure [2]). A test parti- 
cle scattered off a massive source particle situated at the spatial origin of the 
space-time manifold M. Upon quantization of the test particle, the scattering 
amplitude describing this process becomes a sum of contribution of homotopi- 
cally inequivalent paths for the test particle owing to the fact that the CSW 
theory is topological. 

Such paths can be labelled by winding numbers between the trajectories of 
the source and the test particles. If we project the trajectories onto a surface 
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Figure 1: A baryon-type operator 




Figure 2: A test particle scattered off a massive source particle 
E, then the process of winding number I is described by the braiding operator 

(21) 

g pcT . Here we assume that the representations assigned to the source and test 
particles are p and ex, respectively. Consequently, the scattering amplitude is 
given by Ref. [20] 

oo oo ( /-(2Z)v r-1 

(/I E^'>= E E lX E \a) + E*P </l g ^)l*> • ( 9 ) 

!=— oo l=— oo L ^ u=l J 

The initial state |i) and the final state (/| are connected by the operator gfa\ 
which represents trajectories of the source and test particles. 

In the above equation, the VEV of the braiding operator (g^) has been 
calculated exactly in the case of compact and simple Lie groups and super Lie 
group, whereas fel is given by 
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= T(<f> u ,cr,cr\\ a ,p,p) 



K 

Figure 3: A tetrahedron operator which contribute to scattering amplitude of 
a test particle and a source particle 

where 

" = exp (*+?Pdjj) ' 

Q(p) is the quadratic Casimir invariant of the p representation. T(cj) n , a,a\X p , p, p) 
is a tetrahedron operator (Figure [3]). 

Now, we will discussed the detail calculation of the VEV of tetrahedron 
operator for simple Lie group 

Starting from u channel basis H u , we can construct the following expansion 
of s channel I s 



3 4 3 4 




1 2 1 




1 



6 Here, we also use the following notation i = pi and i = pi(i — 1, 2, 3, 4) as representations 
and its conjugate of the gauge group G attach to the Wilson lines. 
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The loop in the Wilson line can be expressed as a single Wilson line according 
to the following identity 



u 



4( >2 =5 UU ,(U- 



u \—l 
42) 



U' 



(14) 



u 



then, it can be shown easily that a tetrahedron diagram can be constructed 
from baryon type diagrams as given in the following relation 




^ L S u' $uu' ( Ug 2 ) 



LsuiU^- 1 3 ( \u' ) 1 • 



Note that is determined by connecting both endpoints in Eq. (|T4"|) . and 
therefore can be written as 




(15) 



E (p s 



Eo(pi)E (pj)' 



(16) 



Substituting this into the above tetrahedron-baryon relation, we get 

s ^ 




£q(4)£ (2) 
E {u) 



1/2 




(17) 



1 

which, by substituting the definition in equation ([7]), we finally get the VEV 
of tetrahedron diagram 
3 

L,„ ( , jS ° ( j )Eo(2) V /2 (^o(3)^oH^o(l)) 1/2 , (18) 




E n (u) 



L su (E Q (l)E Q {3)E (2)Eo(l)) 1/2 , 



(19) 



8 



F. P. Zen, J. S. Kosasih, A. Y Wardaya and Triyanta 



or 



L su = (£ (4)£o(3)£o(l)£o(2)) *> 




(20) 



One can also easily see the cyclic symmetry modulo 4 of the tetrahedron 
diagram as follows 








We can also define similar matrices that relates different channels 



and 



where the <f> factors are defined as 

<j h = A? |(Q(*)+0(4)-Q(i) ; 
0u = / ^(Q(2)+Q(4)-qw 

with symmetry factors 

+1 a is symmetric combination of two representations 



Pa 



—1 a is antisymmetric combination of two representations. 



(21) 



(22) 



(23) 
(24) 
(25) 



(26) 



Tetrahedron Diagram and Perturbative Calculation in CSW Theory 



9 



These M and N matrices can be found by the same manner as the previous 
derivation of the L matrix. In summary, the matrices L, M, and N are given 
by 

L su = (E (l)E (2)E (3)E (4))^(T(4,s,2\l,u,3)), (27) 

M tu = (E (l)E (2)E (3)E (4:))~ 1 2{T(A,u,2\3,tA)), (28) 
N ts = (E (l)E (2)E (3)E (A))^(T(l,t,4\3,s,2)). (29) 

From the orthonormality condition of the bases, these matrices will satisfy the 
following unitary contraints 

LI) = 1, MM f = 1, NN* = 1, (30) 

as well as the following orthogonality conditions, obtained from previous rela- 
tions 

LL T = 1, MM T = 1, NN T = 1. (31) 

Also, from the consistency condition, one can easily derive the following rela- 
tion among these matrices 

N<f> s L = (32) 

These constraints and conditions will fix the components of these L, M, and 
iV matrices. 

Now, for example, if we choose p = a = N_ and a = p = N, where N_ 
and N are the fundamental representation of SU(N), the VEV of tetrahedron 
operator gives 



Lu,s = ^^(T(S,NMd,N,N)) = y^^, (33) 

L U>A = ^1^(T(A,N,NHN,N)) = ^^^, (34) 

N Adj ,u = -^^y(T(i(2, N, N\Adj, N, N)) = (35) 
N id ,u = z^{T(id,N,N\id,N,N)) = ^±^. (36) 

The above relation are consistent with the VEV of baryon type operator in 
equation (J7J) 



3 Perturbative Case 



In the previous chapter, we discussed the calculation of vacuum expectation 
value of extended Wilson loop operators by using unperturbative method. This 
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concept has been used for many applications in various physical conditions [TUl 
2"2"] . Now, we will calculate the vacuum expectation value of unknotted Wilson 
loop operator (W p (0)) within the framework of perturbation theory. The 
perturbative problem has been discussed in many papers for many different 
settings [7J El [El El E31 EH [25]. In this section, we use arbitrary gauge 
group and restrict the order of the calculation of (W p (0)) up to order (^f) 3 . 
Particularly, we compare the result with the nonperturbative one for SU(N) 
and Eq gauge groups. 

In the perturbative case, the classical CSW action (TjQ) must undergo a 
modification in order to perform the quantization. We will adopt the standard 
Faddeev-Popov procedure, and the total action becomes [6] 

Stot Sqs -\- S gauge— fixing + Sg^ost 

= A / d 3 xe^Trl A u d v A + £A ll A„A l . 



4tt J M3 " ~- - y^—P 1 V ^^V 

f d 3 x y/g <T A^ - / d 3 Xy^g^d^(D u c) a , (37) 

where c and c a are Faddeev-Popov ghosts, (f) a is the Lagrange multiplier (aux- 
iliary field) and 

(zvr = <v a - r hc A\c c . (38) 



cabc : 



Here, / is the structure constant of the group G and g^ v is some metric on 
M 3 . The resulting propagators from eq. (1371) are 

{Al{x)A b v {y)) = ^V^f, (39) 



\x - y\ 



(Afr)<P(v)) = -> bi -^-^, (40) 

K IX — 1l\ 



\x-y 

(r(x)<f> b (y)) = 0, (41) 

(c a (x)c b (y)) = -^J^- (42) 
The Wilson loop operator in a representation p of G [51 [6] is defined as 

W P (C) = Tr p (Vexp(fA) 



Jc 



Tr 



c 



1 + i f dx^A p (x) - (f> dx^ dy v A p (y)A p (x) 
Jc Jc J 

-ijdx^j dy" J dzPA p {z)A v (y)Ap{x) 
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r r x rv 

+ fdx p J dy v I dz p / dw a A a (w)A p (z)A v (y)A fl (x) 

+ zfdx p J dy v j V dz p I dw a I dv x A x (w)A a (w)A p (z)A l/ (y)A p (x) 

dx" j dy u J V dz p / dw° I dv x 



du T 



x A T {u)A x (w)A a (w)A p {z)A u (y)A^x) + ... 



(43) 



All line integrals are performed on the same contour C. If an explicit param- 
eterizations {x p (t) :0<t<l}ofCis used, then we will get 



dx» / dy v = / ds dtx p (s)x u (t), 
( J Jo Jo 



(44) 



and so on. 



3.1 The Ghost Fields Contribution 

From eq. (1371) . the total quantized action contains contributions from gauge, 
ghost and auxiliary fields. This can be rewritten again as 



S, 



tot 



d x 



c 2 (p) e pvp A a p d v A a p + —A*dy a + (fd p d p c a 



An " " p 4vr 

k 



+ / d 3 x f abc [ d p c a A b u c c - — c 2 (p) t pvp A p A b u A p 



12vr 



p ' 



(45) 



where c 2 {p) is the quadratic Casimir for the fundamental representation and 
dim p is the dimension of the gauge group. 

The standard VEV of the Wilson loop operator of the action ( j45l) can be 
written as 



(W P (C)) 



VA V(j) Vc Vc Tt p V exp 



JStot 



(46) 



To solve eq. f)46p perturbatively, we insert external source functions J and H 
in the partition function for gauge and ghost fields respectively, and the VEV 
of the Wilson loop operators is obtained as follows 



(WJC)) 



dim p + c 2 (p)j c dx^ J dy 5Jir5jiX 
+ J c 2 (p) f ijk I dx T [ dy x [ V dz p 



c 



6 3 



5J iT 5Ji x 5J k P 



+ 
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x exp 



x exp 



5 a 



k 



c 2 ( 



(p) / d 3 x f abc e a ^ 



5H d j 5J e °5Hf 
5 3 



12- ~" J ■' 5J aa 5J b P5J c ~f 
where Z Q is the partition functional that is defined as 

1 



, (4T) 



J=H=H=0 



exp 



d 3 x d 3 y | 



c 2 (p) 



Jfa)v^(x-y)Jt(y) 



H s (x)V£(x-y) H\y) + F(V A<P ) 



(46 



where Vf/ v (x-y) = (A a ^(x)A b u (y)) and V 5 f(x-y) = (c a (x)c b (y)). Note that 
the contribution of auxiliary fields vanish, because the total action flH7|) does 
not contain any vertex of the auxiliary fields. 

One would expect that the ghost contribution vanish for all orders due to 
the unphysical nature of the ghost fields. We show that this contributions 
vanish up to the second order. 

If eq. (j4"7|) is expanded as power series of (1/k), we get 

(i) For order (1/A;) , (W p {C)) = dim p. 

(ii) For order (1/k), the VEV of the Wilson loop operator for ghost fields 
is defined as 



(i) 



(w P (c)y;> 



ost 



dim p 
— dim p 



x 



I d3xfdef { dr7 6J^) 
I d3xfdef ( da 5Wl) 



/ d 3 x f abc e a ^ 



1 2 



12tt 



5 3 

SJ e °5Hf 
5 3 

5J e °5Hf 
5 3 



J=H=H=0 



SJ a aS Jbf3 SJn 



Zo 



(49) 

J=H=H=0 



One can see that the value of (W p (C))g^ 0St vanish. 

(iii) For order (1/k) 2 , the VEV of the Wilson loop operator for ghost fields 
contain seven terms that can be written as 



(2) 



(W P (C))% 



ost 



■-r k c 2 (p) <f> dx T I dy> 



c 



j d 3 x f def l d a -^ 



dz" 



8 3 



6 3 



5J iT 5Ji x 5J k f> 



5H d / 6J e °6Hf 



J=H=H=0 
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A 



-c 2 (p) fjx^j dy< 6JiT6JiX 



8 3 



5J e °5Hf 



k 
12tt 

dim p 



3! 



c 2 (p) j d 3 xf abc e a ^ 
d 3 x f def [ V 



5 3 



5J aa S Jb/3 SJ n 



J=H=H=0 



X 



12vr 

dim p 
2! 

1 

X 2! 



c 2 ( 



(p) / d 3 x f abc e a ^ 



5H d I 5J e °5Hf 
5 3 



j d 3 x f def [ da j^ 



5Ja*§Jbf3 §Jn 
2 



J=H=H=0 



5 3 



k 

127T 



/ 5J e °5Hf 
5 3 



c 2 (p) / d 3 xf abc e a ^ 



dim p 



SJaagJbpgJcn, 
-1 4 

^0 



J=H=H=0 



5 3 



5J e °5Hf 



J=H=H=0 



+ ^\ c 2{p) j dx T J dy 
j d 3 x f def ld a -^ 



' x ^ 



5J iT 5J iX 



5H d ) 5J e °5Hf 



J=H=H=0 



dim p 
3! 



5 3 



x 



12tt 



c 2 (p) / d 3 xf abc e a ^ 



5H d j 5J e °5Hf 
5 3 



8J aa 5J h P5J c ~i 



J=H=H=0 



(50) 



Because of the anticommutation and the peculiar structure of the indices (see 
Appendix A), eq. (1501 become simpler 



(2) 



dim p 



os1 



j d 3 x f def (d a ^ 



5 3 



5J e °5Hf 



J=H=H=0 



5J iT 5J iX 



8 3 



5H d / 5J^6Hf 



J=H=H=0 
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dim p 



d 3 x f def d a 



1 



5 3 



12tt 



c 2 (p) / d 3 xf abc e a ^ 



5H d j 5J e °5Hf 
5 3 



5Jaa5Jbl3 S j n 



(51) 



J=H=H=0 



Finally, eq. ( 15TI) vanish because of various reasons that will be explained in 
Appendix A. 

3.2 The Zeroth, First and Second Order Contribution 
of Gauge Fields 

In this section, we calculate perturbatively the zeroth, first, and second order 
contributions of gauge fields following Guadagnini et.al.jE]. In the next section 
we extend the calculation up to the third order contribution. In order to 
simplify the calculation, the unknotted knot is chosen as a circle 



Un 



{x(s) = (cos27rs, sin27rs, 0); < s < 1} . 



For the (^)° contribution to (W p (C)), we will get 

(W P (C)) {0) = (W p (O)) (0) =dim p. 
Then, (^r) contribution to (W P (C))^ is defined as 

{W p {C)f ] = -Tr(R b R a ) £dx» J* dy» (A b v (y)A-(x)) 

/ | f) dim pc 2 (p) f(C), 



(52) 



(53) 



(54) 



where the quadratic Casimir for the fundamental representation C2(p) is given 
by 

c 2 (p)l = R a R a , (55) 

and ip(C) is defined as 

• i 



1 

2^ 



(x(s) -x(t)Y 



ds I dt e pi/a x^(s)x u (t)- 
n Jo ' \x(s)—x(t)\ 



(56) 



The formula (lopjl is known as the cotorsion of C. The cotorsion is not 
invariant under the deformation of C, because it is metric dependent. This is 
contrary to the fact that the (W P (C)) is a topological invariant. This problem 
can be solved by inserting a framing contour Cf that is defined as 



(e>0>(t)| = l), 



(57) 
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where is a vector field orthogonal to C. In this paper, we choose the value 
of n p to be 

n (s) = [0,0, e™]. (58) 

If the formula ( f54l) is rewritten by inserting a framing contour Cf ( 1571) for the 
unknot condition ( 1521) . we obtain 



(iy p (0)) ( f 1} = -i ( ^ ) dim p c 2 {p) Vf {U Q ) = 0, (59) 



where (pf(Uo) is the value of y?(C) with inserted framing contour Cf ( 1571) for 
the unknot (l52|). 

Now, we will analyze the (^-) 2 contribution to (Wp(C)) which results from 
the interactions part of the Lagrangian contributed by the A 3 and A A terms 
ofeq. (PI). 

The first term of the (^-) 2 part of (W p (C)) can be written as 

-i £ ^ y* dz? (A p (z)A u (y)Mx)) 



(W p {C)f a) = Tr 

27r\ / dim p c v c 2 (p) 



fc / I 32tt 3 



X 



x£dx»J dy" J ' dz p H^ p (x,y,z), (60) 

where the quadratic Casimir for the adjoint representation c v is obtained 
through the relation 

S ab Cv = f acd f bcd , (61) 



and 



H pvp {x, y, z) 6 ' £/j,aa£vf3\£pjT f d I i3 i t i3 ir i3 ' (^^) 

J \l — x\ \l — y\ \l — z\ 



\l — x\ \l — y\ \l — z\ 
If we use the unknotted knot ([5*2]) in equation f[6"2]) . we will obtain 



(i(Uo) = ^f^J d V V f dz p H^ p (x,y,z) 



1 p2tt 



16n 



d9 d(fi dip x 
u Jo </o 

x sin I + sin + sin 
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and we get the value of (WJQ))^ as 



W0)> (2fl) = -^ (y) 2 dim pc v c 2 (p). 



(64) 



The second term of the (^) 2 part of (W P (C)) can be written as [0] 



(W p (C)f b) 



Tr,. 



k 

dx p 



UO 



x py 
v 



dy v / dz p dw (T (A <J (w)A p (z)A v (y)A lx (x)) 



~ (jf\ 2 dim p cl(p)^(C) + 2 dim p c v c 2 (p)( 2 (Cm 



where f(C) is defined in eq. (15E]) and (2(C) is defined as 



6(C) 



dw e ava e Pil p- (66) 



I |3 I i3 

\w — y\ \z — x\ 



If we use the unknotted knot (1521) in equation (1651) . the value of (W p (0)) is 



(W P (0)) 



(2b) 



0. 



(67) 



where we have applied the framing procedure similar to the first order case 
). More specific calculations can be found in [Bj. Note that the equations 
and (1631) are contributions of order (^r) 2 to (W P (C)). 



3.3 The (^) 3 Contributions 

In this section, we discuss the contribution of order (^r) 3 to (W p (C)). It is 

divided into two parts, (W p (C)) {3a) and (W p (C)) {3b) . {W p (C)) (3a) contains the 
interaction part of the Lagrangian contracted with the A 5 term of eq. 
that is 



(W p (C)f a) 



Tr 



1 <p dx p 



dy v \ dz p 



z />w 

dw a 



dv x x 



x (A x {v)A (w)A p (z)A v (y)A ll (x)) 
ic v dim pc\\p) 



x ry 

dx p 1 J " M 



dz p / dw a / dv x x 



Svr^ J~ J dyV 
x [Fxa,pv^(v - w, y, x, z) + F Xptaup (v - z, y, x, w) 
+ Fxu,(rpn(v - y, z, x, w) + F Xp ,a P u{v - x, z, y, w) 
+ F apMp (w - z, y, x, v) + F auMll (w - y, z, x, v) 
+ F aPtXpu (w - x, z, y, v) + F pvMp {z - y, w, x, v) 
+ F mMu {z - x, w, y, v) + F upMp (y - x, w, z, v)] 
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ic 2 v dim pc 2 (p) 



x 



x py 

" ' dy v I dz p 



167T k 3 j c 
x [F X p,a Vii {v - z, y, x, w) + Fxu^p^v - y, z, x, w) 
+ Fau,x P p(w - y, z, x, v) + F a ^x P u{w - x, z, y, v) 
+ F pflM v(z - x,w,y,v)), 



dv x x 



(68) 



where F X(TtPVIX {v - w, y, x, z) is given by 



(v — w) a 

F\ a ,pvp{v - w, y, x, z) = e X aa— —3-Hpv^y -z,x-z) 



\v — w\ 



(69) 



The {W p (C)) (3b) contribution is related to the A 6 term of eq. fl33J). This 
contribution is written in equation (J7D1 and includes only terms of order (^-) 3 
which form combinations of three gauge propagators. The A & terms that in- 
volve combinations of two gauge vertices are excluded since they are of order 
(^) 4 . The contribution (W p (C)) {3b) is defined as 



(W p (C)f b) 



Tr 



p px py pz pw pv 

j dx p J dy u J dz p J dw a J dv x J du T x 



x {A T {u)A x {v)A (T {w)A p {z)A v {y)A tl {x)) 



i dim p c\(p) 
P 

^-TXa^-apfi^v^ 
~^~^T\a^auP^pfiy 
~^~^T\a^crpf3^pi"y 



C 



dx p / dy v \ dz p \ dw a 



dv } 



(u — v) a (w — z)" (y — x) 1 

1 |3"1 |3"1 |3" 

\u — v\ \w — z\ \y — x\ 
{u — v) a {w — yY (z — x) 1 



3 I i3 

\z — x\ 



\u — v\ \w — y\ 
{u — v) a {w — x) 13 (z — yY 

1 |3"1 |3~1 |3~ 

\u — v\ \w — x\ \z — y\ 

{u — z) a (v — wY (y — %Y 

\u — z\ 



+ 1 



t^Xpf3^up"/ ' 



i3 I i3 
V — w\ \y — X\ 

(u — wY (v — zY (y — xY 



1 3 I |3 

u — w\ \v — z\ 



du T x 



K\ H — ) ( -,-rn 



\y - x\ 3 

{u — w) a (v — yY (z — xY 



\u — w\ \v 



y\ 



3 I i3 
\Z — X\ 
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+ 



+ 



+ 



+ 



fci \ (u — w) a (v — Xf (z — y) 1 

1 0~ I e Taa€\np£pwy-, [jf" [3""; [3" 

^ y |w — w\ \v — x\ \z — y\ 

3A;i fc?\ (u - z) a (v - yf (w 

- & I \u, — z\ I?; — y\ 



-xr 



^1 1 

1 M H T~ I ^Tpa^-X^0^av^' 



u — z\ \v — y\ \w 
u — z) a (v — x) 13 (w — 



- x\ 

yV 



1 - — 



2 j ^Tua^\a/3^pfj,'y | 



1 1 3 1 1 3 1 

« — 2; \v — x\ \w 



(u — y) a (v — (z — x) 1 



yf 



1 - 



^1 "I — r ^■Tvof-Xp^aprf 

4 / in 



w — y\ \v — w\ \z — x\ 
(u — y) a (v — z) 13 (w — 



x)' 




I O I I O I 

y\ \v — z\ \w — 
{u — y) a (v — x) 13 {w — z) 1 



x\ 



u - y\ 

(u — x) a (v — w) 13 (z — y)" 1 



3 I 1 3 I i3 

\V — X\ \W — Z\ 



\U — X\ 



i3 I i3 

w\ \z — y\ 



(u — x) a (v — z)" (w — y) 1 
w - yl 3. 





|3 1 


|3 1 


\u - 


- x\ \v - 


- z\ 



~^~^TfMa^Xu/3^p<T'f " 



[U — X) 



(v — y) 13 (z — w) 1 



\u 



|3 I 

x\ \v 



y\ 



w\ 



(70) 



where ki = c„/c 2 (p). If we use the unknot condition (1521) in eq. (168|) . we get 
the integral 



'c 



x ry 



dx p I dy v / dz p / dw a / dv x e pm 



,z — X) 



\z — x\ 



-H Xau (w -v,y-v) 



it 



32t7r\ — -1 I, 



(71) 



<c 



[w — X) 



dx p I dy v I dz p \ dw a / dv x e (7pa ^ 1 -^H Xp v(z - v,y - v) 



\w — x\ 



32Z7T 



7T" 



(72) 
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<c 



dx» / dy" / dz p / dw° / dv 



£\ P a- ^-H aup {y -w,x-w) 



\v — z\ 



(w-y) a 

+ Caua- -^H Xp ^{z -V,X-V) 

\w - y\ 



32i7r, 



(73) 



c 



d.r 1 ' I (///' / dz p [ dw a [ dv x ex v J^- — ^— $ H apix (z — w,x — w) = 32m, 



\v - y\ 



(74) 



c 



x r-y 



v — X) 



dx p I dy v I dz p j dw a / dv e\ pa ^-H apu (z — w,y — w 



\v — x\ 



6 



(75) 



>c 



dx" / dy u / dz p / dw a / dv 



£\oa , ,3 H pup (jj z, x z^ 



\v — w\ 



(w — z) a TT , . (z — y) a TT . . 
+ e apa - -^-Hxuniy - v , x - v) + e pva - -^H Xu p{vj -v,x-v) 



+ e 



\w — z 

(y - x) a 

ufia , ,3 

y-x\ 



H Xap (w -v,z-v) 



\ z - y\ 

-32m—. 
6 



(76) 



More details of the calculation of ( 1711) - ( 1761) can be found in Appendix B. By- 
using the values of integrals in eqs. ( I7TI) - ( 1761) . we can calculate the VEV of an 
unknotted Wilson loop operator for order (%-) 3 in (W P (C)}^ 



(W P (0)) 



(3a) = eg dim pc 2 (p) ( 27rJ 

k 3 y 3 



(77) 



The value of (W / /3 (0)) ( ' 3fc ' ) is obtained by using the framing procedure as in eq. 

(EZD 

(W^(0)) (3b) = 0. (78) 



From the equations (E3D , flHHD, (HD, USB, (H7J) and (JTS]), we can conclude 
that the calculation of VEV of an unknotted Wilson loop operator up to order 
(%-) 3 is given by 



(WJO)) = dim p 



1 / 2tt\ , . c, 2 ,c 2 (p) /2tt 2 

1-12 T ^ + JL T !L (w ] 



(79) 
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We use the computation in the previous section for the gauge groups SU(iV) 
and E6 as examples. For the gauge group SU(iV), the values of dimp and 
quadratic Casimir are 

dim p = N, (80) 



c 2 (N) = Q(N) 



N 2 



2N 

c v = Q(Adj) = N. 
Then, from non-perturbative case, we get 



(81) 
(82) 



E (N) = [N] v - q = N 



1 



7T 



N 2 -l 
~6~ 



2Ntt 2 f N 2 - 1 



A- 3 



6 



+ ... 



(83) 



If we calculate eq. (1751) by using the values in eqs. (IHUj) - (1H21 . the VEV of an 
unknotted Wilson loop operator for this gauge group, up to the same order, 
will have the same values as in the equation ( 1831 ): 



(W N {0)) = N 



1 - 



7T 



N 2 



2Ntt 2 / N 2 - 1 



A- 3 



6 



+ 



As in SU(iV) case, the E6 group has the following values 



dim p = dim 27 = 27, 



34) 



15) 



c 2 (27) = Q(27) = y, 

c v = Q{Adj) = Q(78) = 12. 
From non-perturbative CSW theory, we get 



2 2 

£ (27) = [3] ?2 [9]^ = 27 - 936^ + 22464 ^ 



k 3 



(86) 
(87) 

(88) 



Then, as in eq. (1831) and (1841) . the nonperturbative method in eq. ( 1881) will be 
identical to the perturbative method in eq. ( 1891) up to order (^r) 3 of (W p (0)) 



rr 



(W 27 (0)) = 27- 936— + 22464— + .... 



k 2 



k 3 



39) 
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4 Conclusions and Discussions 

We have discussed the role of Wilson loop operators and extended operators in 
the CSW theory. We have also discussed a two-particle scattering system, one 
of which we treat as a test particle scattered off a source. In the calculation in 
|21j . the second term of the equation or the contributions from tetrahedron 
operator, is missing. We evaluated this term for SU(iV) gauge group. 

The calculation of the VEV of the Wilson loop operator in the CSW theory 
has been discussed by Witten where he has showed that the VEV of the Wilson 
loop operator in perturbation theory is the same as the polynomial invariants 
of knot in three dimensions. 

Looking at the up to (i) 3 terms of the equation flH3]), ([HI, (IHHj) and 
(1891) . we summarize that the braiding formula is identical up to the third order 
of the VEV of an unknotted Wilson loop operator. For example, we have 
checked this result for the gauge group SU(iV) and E6- In fact, our calculation 
showed that the symmetry and dynamical terms factorize, so the contribution 
of the group factor can be computed independently and hence the application 
of other gauge groups is straightforward. Up to order (|) 2 , the VEV of the 
Wilson loop operator has been computed in [6]. The problem arises in the 
computation of the VEV of the Wilson loop operator for the unknotted case 
of order (r) 3 - In this case, the use of the framing procedure results in non- 
simple integral forms. 

We hope that the result will help to illuminate more insights of the equiva- 
lence between the braiding formula and the VEV of an unknotted Wilson loop 
operator in perturbation theory and its consistency with the equations ( 1831) 
and fl88l) will strengthen this relation. 
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A Detailed Calculation of Ghost Contributions 

In the last section, we have calculate the contribution of ghost fields to the 
VEV of the Wilson loop operator. In this appendix, we provide more details 
of this calculation up to order (1/fc 2 ). 

The first part of the eq. (j5T|) can be written as 



woff - dim p 



lost 



4! 



d 3 x f def d° 



1 



5H d / 6J e °5Hf 



(90) 



J=H=H=0 



Some terms of the solution of eq. (1901) vanish since they contain the determi- 
nant form with dependent columns or rows, i.e. CaP'yCaSX-PiPiPz = 0- Therefore 
we can write eq. (1901) as 



7T 



xe 



C2 



2k c 2 (p) 
d 3 x 



fh e lh f /4e3/2 ffl e ih f/3El/4 
J J J J c a 1 <T4p 1 

d 3 p 4 p2p2 f d 3 p b p^pT 



(2tt)3 pg J (2ny P i(p 4 -p 5 y 



d 3 p 6 



Pfpl 4 



(2?t) 3 pj(pe - p 5 ) 2 (p 6 - p 5 + Pa) 2 

2 



-4. 



7T 



dim p / 1 

6 1 64 J \ 2kc 2 (p) 



fhe 3 fi rf\e 4 h y/4e3/3 jfzzifi 



Xe o-iO- 3 p 1 C(T 1 (T4P2 



d X 



d 3 P 4 PTPT [ d 3 p 5 



3. dim p I 



7T 



xe 



0"2 a"3P2 



16/c c 2 (p) 
<i 3 p 4 P4 X P4 2 /" d 3 p 5 



(27T)3 pi 7 (27T)3pl(p 5 -p 4 )3 
jh&\fl y/4e 3 /2 jfiezfz jfzdfi J 



V\P2P\ 



(2tt)3 p5 7 (2tt) 3 



Pb P5 P5 Ph 



(P5+Pi) 2 Pi 



— dim p 



7T 



xe 



T2 CT3P2 



2A; c 2 (p) 
d 3 x 



ffl£\f\ fhezf2 ffiezfz ffzeif4„ 
J J J J c a 1 a4p 1 

d 3 Pi P^pl 2 f d 3 p 5 P^pl 3 1 



(27T)3 p\ J (27r)3p2(p 4 -p 5 )2 4 7T 2 



7 



7 



( p4 _ p5 )P 2(p4 _ p5 )-4 B 1 -pfp^5 -,1 



(P4 "PS) 



-()''-" l D I -.2 I + 1 -.2 
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+2 



dim pi 7r 



3 \ 16fc c 2 (p) 7 V 12 



H | fhezfl ffxe&h jfizzh fhe^A 



xe tTl p 2 p 1 e a - 1 p 2t74 



d 3 x 



<j 3 p 4 pf P4 

(2tt) 3 pi 



0. 



(91) 



The second part of eq. floTj) vanishes 



c* 



5J iT 5J iX 



x 



S 3 



-l 2 



5J e °5Hf 



J=H=H=0 



n \ ( c v dim p 

8fc 



X 

0. 



ca(p) 
<i 3 p p^p^ 3 



cfe T / e CTAQ e CTT/3 



(2vr) 3 p 3 



cos[p.(x — y)\ 



because of the following relations 



and 



cos[p.(x - y)} = 1 - u v 2 , ^ J + H 



d 3 p p w p w /" rf 3 p p^ipWp^a 



(2tt) 2 p 3 J (2tt) 2 p 3 
Finally, the third part of the eq. floTT) is 



(92) 



(93) 



(94) 



(W„(C)> 



(2c) 
ghost 



dim p 



d 3 x / de/ 9° 



5 3 



X 



12tt 



c 2 (p) / d 3 x f abc e a ^ 



5H d j 5J™8Hf 
S 3 



SJaafiJbPfiJc-f 



(95) 

J=H=H=0 



which, after eliminating the zero terms can be written as 



(2c) 



Wc-)>JX 



dim p k ( 7i \ I 1 



out 



6tt \ k I \ 2 c 2 (p) 



P1P2 
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d 3 pi p^p^pi f d 3 p 2 pTp^ 1 



+ 



(2vr) 3 64 J (27r)3p2( p2 _ pi )6 
d 3 P2 pTp^Pz f d 3 pi p a \P a \ 



-4 



dim p k I 7r 
18tt I k 



(2tt) 3 64 

3 



1 



(27r)3p?( Pl -p 2 )e 



y/36/1 y/lc/2 jhah jabc^ 



2c 2 (p) ' ' * ' ' 



XW ' ' (2tt) 3 p 2 7 (27r)3p!(p 2 - Pl ) 2 



1 



1 



X 



4tt 2 (pi - p 2 ) 3 



,lh " / W 'Y ?Vi f \ I fhbhfhchjhahjabc 



2vr I fc y 64 \ 2c 2 (p) 



^ ^CTlp3pi ^CT2(T3P1 I d X 



X 



dim p k ( n 

k 



d 3 P2 P?P P 2 3 
(2vr) 3 p|. 
3 



67T 



(2tt) 3 pf 

^2 jfffff 
(27T) 3 (p 1 +p 2 ) 2 
2 



y/26/1 jhcfa jho-h j abc e 
d 3 P2 P 2 2 P 2 3 f d 3 pi Pi 1 Pi 3 1 



2c 2 (p) 



-C1P3P1 



X € a2asp2 I d X , ^ ^ j (27r)3p 5 (pi+p2)2 47r 2 



X 



(Pi+^^gfS ,2) +|^(^2 



0. 



(96) 



From the results of the above calculations, we can conclude that the con- 
tributions of ghost fields to the VEV of the Wilson loop operator up to order 
(l/k 2 ) vanish. 
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B Detailed Calculation of The Integrals Using 
Framing 

In this paper, we use circle for the unknotted knot which parametrization is 
given in eq. (1521) and the vector field orthogonal to C is which is given in 
eq. (1581) . Therefore we get 

e^x^is) (x u (t) + en u (t)) (x(s) - x(t) - en(t)) u 
= det[x(s)\x(t)\x(s) - x(t)} + e det[x(s)\n(t)\x(s) - x(t)} 

-e det[x(s)\x(t)\n(t)] - e 2 det[x (s)\h(t)\n(t)) 
= e det[x(s)\h(t)\x(s) — x(t)} — e det[x(s)\x(t)\n(t)] 

(t-sf 



e e 



wit 



AttH(s - ty - (27T) 2 It -8 



3! 



(97) 



By using the integral in the eq. ( 1571) . the imaginary part of the integral is 



du e^ U(7 x^(s) (x v (u) + eh u (u)) 



(x(s) — x(u) — en{u)) a 
\x(s) — x{u) — en(u)f 



e e 



_ / d J27rH(s-uy-32n \u-s) 



!s-5 [16vr 2 (M-s) 2 + 4e 2 ] 
—in sin n s, 



3/2 



-ti e" 



(9£ 



dux^(s)x v (t)x p (u) H^ vp (x(t) — x(s), x(u) — x(s)) 

(27r) 4 / du [sin n\s — t\ + sin 7i\s — u\ + sin n\t — uW^ 1 
Jo 

7l(s - t) 



(2tt) 3 sec 2 



TVS nt 

In | 1 — cot — tan — , . 



(99) 



dg / dh x° (g)x v (t)x x (h) H\ (TU (x(g) — x(h),x(t) — x(h)) 
n Jo 



16vr z 



16tt z 



3=0 



nt ng 
In 1 — cot — tan — 
2 2 



j d tan 


~<g-t) 




2 



Tit ITU \ I ir(u — t) 

ml — cot — tan — tan 

2 2 / \ 2 



irt I nt nu 

— cot — In 1 + tan — tan — 
2 \ 2 2 



(100) 
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Next, we will compute the integral in eq. (I7T|) - (|76[) by framing the unknotted 
knot. 

The first, from the eq. flTTj) . there is integral upper limit u — > t for inte- 
gration variable dg : 



/x ry rz rw f _ \o 
dy" dz p dw° dv x e wa \ -^H Xav {w - v, y - v) 
J J J \x — z\ 

1 ps rt r-u — >£ rg 

ds I dt I du I dg I dh e wa x p (s) (x p (u) + en p (u)) 
o Jo Jo Jo Jo 

(x(s) — x(u) — en{u)) a , v 



\x(s) — x[u) — emu) 



-x v (t) x a (g) x\h) H Xau (x(g) - x(h), x(t) - x(h)) 









/ ds 5 
Jo 




6 


32nil 



7Tt 

~2 



7lt 



(101) 



and from the eq. (1721) . there is integral limit g — > u for integration variable dh 



f x f y f z f w (x — w) a 
dx p / dy v \ dz p I dw u I dv x e± J -^-H Xpu (z - v,y - v) 

c J J J J \x — w\ 

1 rs rt ru rg — >u 

ds dt du dg dh e paa x p (s) (x° '(g) + eh° '(g)) 

o Jo Jo Jo Jo 
x(s) - x(g) - en(g)) a 



\x(s) - x(g) - en(g)\ 3 



■x u (t) x p (u) x x (h) H Xpv (x(u) - x(h),x(t) - x(h)) 



~<n'/ I <!■-< sili I dt J du sec^ 









I 














32ml 






6 



71 (u — t) 



Tit 7TU 

ml — cot — tan — 
2 2 



(102) 



Then, from the eq. (1731) . we take the limit u — > t and g — > u for integration 
variables dg and dh respectively : 



c 



dx p / dy u / dz p / dw u / dv 



£p\ a - ^-H av ^(y -w,x-w) 



\z — v\ 



(y-w) a 

+ <W Q - ^-H Xpp (z -V,X~V) 

\y - w\ 
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x 



' ds I dt du 
o Jo Jo Jo 

x(u) — x(h) — en{h)) 



u—*t 



\x(u) — x(h) — en(h)\ 

t PU 



dg / dh e pXa x p (u) (x x (h) + eh x (h)) 
Jo 

3 x»(s) x u (t) x°(g) H ani (x(t) - x(g), x{s) - x{g)) 



+ ds dt du dg dh e vaa x u (t) (x a (g) + eh a (g)) 

'o Jo Jo Jo Jo 



{x{t) - x{g) - en(g)) a 
\x(t) - x{g) - en(g)\ 3 



i M 0) x p (u) x x (h) H Xpp (x(u) - x(h),x(s) - x(h)) 



16vr 3 i ds dt 



O JO 



tan 2 (vrt/2) 
1 + tan f tan f 



+ 



■ 7TS \ I Tit TVS 

+ sin Tit cot — in 1 + tan — tan — 
'2/1 2 2 



327ri, 



(103) 



and by using the limit t — > s in the eq. (1741) . we get 



(y - v) c 



c 



dx p / dy u I dz p \ dw a \ dv x e uXa ^- J -^-H appj (z — w, x — w) 



\y-v\ 



JO 



JO 



ds dt du dg dhe uXa x u {t) (x x (h) + eh x (h)) 



{x(t) -x(h) -en(h)) a . 



\x(t) — x(h) — en(h)\ 3 



x p (s) x p (u) x a (g) H apix (x(u) - x(g),x(s) - x(g)) 



o Jo 



TVS 



ITS Tit 



16n i ds dt sin Tit cot — In 1+ tan — tan — 



= 327T1 (104) 
Next, from the eq. (I7"5"]) . we take the limit s — > 1 for integration variable dt : 



(x — v) 



dx* 1 I dy v I dz p I dw a \ dv e pXa - ^H apv (z - w,y - w) 



i 

ds 
o Jo 



o Jo 



dt du dg dh e pXa x p (s) (x x (h) + en x (h)) 



x 



(x(s) — x(h) — en(h))° 
\x(s) — x(h) — en(h)\ 3 



-32nr- 



7T 



■x u (t) x p (u) x u (g) H apv (x(u) - x(g), x(t) - x(g)) 

(105) 
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and finally, the four integrals in equation (I76p can be evaluated as 



c 



dx p / dy v / dz p / dw u / dv 



(w — v) a (z — w) a TT 
£*\a- T H pv ^(y - z,x-z) + e paa - ^H^y -v,x-v) 



+6 



\w — V 

(y - z) a 



\z — w\ 



upa 



( % — V) a 

3 H Xap (w -v,x-v)+ e^a- - w H XtTp {w - v, z - v) 

\x-y\ 



\y-z 

1 rs pt pu pg 

ds j dt du dg dh x p (s) x v (t) x p \u) x° (g) x x (h) 
n Jo Jo Jo Jo 

x(g) — x{h)) a 



\x{g) - x(h)\ 3 
x(u) - x(g)) 



H pup (x(t) - x(u),x(s) - x{u)) 



pact 



x{u) -x{g)\ 



H Xvil {x(t) -x(h),x(s) -x(h)) 



~ e ^ a 7~7r! — X ^\\3 H ^i x {g) ~ x(h),x(s) - x(h)) 



+6 



\x(t) — x(u)[ 
(x(s) -x{t)) a 
'x(s) — x(t)\ 3 



H\<T P (x(g) - x(h),x(u) - x(h)) 



-71 



1 ps pt pu — >1 

ds dt du dge 7ri9 x p (s)x"(t)x p (u)H pup (x(t)~x(u),x(s)-x(u)) 
Jo Jo Jo 



pi ps pt pg — *t 

+ ds dt du dhe Kiu x^(s)x u {t)x x {h)H Xup (x{t)-x(h),x(s)-x(h)) 
Jo Jo Jo Jo 

pi ps pu — >s pg 

+ ds dt dg dhe 7Tit x fl (s)x (T (g)x x (h)H Xf7p (x(g)-x(h),x(s)-x(h)) 
Jo Jo Jo Jo 

pi pt — >1 pu pg 

+ ds du dg dh e™ x p (u) x a (g) x x (h)H Xap (x(g) - x(h), x(u) - x(h)) 
Jo Jo Jo Jo 



-71 



*1 ps pt pi 

ds dt du dg e m9 x p {s) x u {t) x p (u)H puu (x(t) — x(u), x(s) — x(u)) 
'o Jo Jo Jo 

pi PS pt pt 

+ ds dt du dge niu x' 1 (s)x u (t)x r7 (g)H auu (x(t)-x(g) 1 x(s)-x(g)) 
Jo Jo Jo Jo 

pi PS PS PU 

+ ds dt du dg e mt x p (s) x p (u) x a (g)H apfl (x(u) - x(g),x(s) - x{g)) 
Jo Jo Jo Jo 

pi pi pt PU 

+ ds dt du dg e nis x u (t)x p (u) x a (g) H apu (x(u) -x(g),x(t) - x(g)) 
Jo Jo Jo Jo 

*1 PS pt pi 

t 7 x i / ds J dt I du I dg e Kig x p (s) x u (t) x p (u)H pvp (x(t) - x(u),x(s) - x{u)) 

(106) 
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67T / \ 7T 



1 

4 

-^(27if[4-\[ Z -\=-^-\. 
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